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Abstract
We study the Euler-Lagrange cohomology and explore the symplectic or multisym-
plectic geometry and their preserving properties in classical mechanism and classical field
theory in Lagrangian and Hamiltonian formalism in each case respectively. By virtue of
the Euler-Lagrange cohomology that is nontrivial in the configuration space, we show that
the symplectic or multisymplectic geometry and related preserving property can be estab-
lished not only in the solution space but also in the function space if and only if the relevant
closed Euler-Lagrange cohomological condition is satisfied in each case. We also apply the
cohomological approach directly to Hamiltonian-like ODEs and Hamiltonian-like PDEs
no matter whether there exist known Lagrangian and/or Hamiltonian associated with
them.
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1 Introduction
It is well known that the symplectic and multisymplectic structures play important
roles in the classical Hamiltonian mechanism [1] [2] as well as in the classical Lagrangian
and/or Hamiltonian field theories [3] [4] [5] [6] [7] respectively. For a quite long period,
in the usual standard approach, the symplectic or multisymplectic structure and their
preserving properties have always been established in the solution space of the equation(s)
of motion in each case. Very recently, however, it has been found that the symplectic
structure and its preserving law in classical mechanics or the multisymplectic structure
and its preserving law in classical scalar field theory hold not only in the solution space
but also in the function space characterized by what has been named the Euler-Lagrange
cohomology in each case [9] [10]. The Euler-Lagrange cohomology, in fact, not only
provides some powerful concepts and method to study the symplectic or multisymplectic
structures and their preserving properties in the classical mechanism and classical field
theory but also opens up an important new research subject for further investigation.
In fact, this Euler-Lagrange cohomology approach have already been generalized to the
difference discrete cases and applied to the symplectic, multisymplectic algorithms [9] [10]
[11] as well as the simple finite element method to find some symplectic or multisymplectic
structure preserving properties in certain schemes derived from the finite element method
[12] [13].
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In the approach in [9] [10], the variation of the action functional had been dealt with
in the traditional way in physics. However, the variation of the action functional may be
treated as the derivative with respect to the free parameters as long as the free parame-
ter space associated with the variation of the variables is introduced in the configuration
space. As a matter of fact, it is quite common in some above-mentioned standard ap-
proaches to deal with the variation of given functional as the derivative with respect to one
free parameter associated with the variation of the variables in the configuration space.
Instead of introducing one free parameter in some standard approaches, we introduce a
family of free parameters to describe the variation of the variables in all directions of the
configuration space.
We also employ the conception of exterior differential calculus in the general function
space ( see, for example, [14] ) as what have been implicated in [9] [10]. On the other
hand, however, in order to more simply comprehend the exterior differential calculus in the
general function space, we present in a simpler and more manifest way how to manipulate
it by introducing an associated free parameter space with the functions at each point of
base manifold and regarding the exterior differential calculus of the functions at this point
as the differential calculus with respect to the free parameter space.
Therefore, the above two aspects, namely, the variation of the action functional etc
and the exterior differentiation of the Lagrangian, Hamiltonian etc may be treated in a
same framework as the first derivative and the second (exterior) derivative with respect
to the free parameters as long as the parameter space associated with the variables at
each point of the base manifold is introduced in the configuration space.
In this paper, we establish further in more rigorous and more evident way the geometric
foundation for some relevant issues in [9][10], such as the Euler-Lagrange cohomology, its
relation with the symplectic structure and its preserving property as well as its relation
with the multisymplectic structure and its preserving property in classical mechanics and
classical field theory for a set of generic fields in the Lagrangian formalism respectively.
In addition, we establish in the Hamiltonian formalism the Euler-Lagrange cohomology,
symplectic or multisymplectic structure and relevant conservation law for the classical
mechanism and classical field theory for a set of generic fields. Furthermore, we also apply
the Euler-Lagrange-like cohomological approach directly to certain types of ODEs and
PDEs that may be called the Hamiltonian-like ODEs and the Hamiltonian-like PDEs no
matter whether there exist the associated Lagrangian and/or Hamiltonian at all. We find
that the cohomological scenario is available to so-called the Hamiltonian PDEs introduced
in [4]. In fact, it is a type of Hamiltonian-like PDEs in the terminology of this paper.
The plan of this paper is as follows. We first re-derive some well-known content on
symplectic structure and its preserving property for classical mechanism in Lagrangian
formalism and Hamiltonian formalism respectively in section 2. The important issues of
this section are about the free parameter differential calculus approach to the variation
of the functional and to the exterior differential calculus of the functional in the generic
function space, as well as the introduction of what has been called the Euler-Lagrange
cohomology and relevant concepts and content in [9] [10] such as the Euler-Lagrange 1-
forms, the coboundary Euler-Lagrange 1-forms, the Euler-Lagrange conditions and their
role-played in order to explain those symplectic geometry and relevant preserving prop-
erty for the classical mechanism in both the Lagrangian and Hamiltonian formalism. In
the subsection 2.1. we first deal with the Lagrangian mechanism. Then in the subsection
3
2.2, we transfer to the Hamiltonian formalism. We show that the relevant Euler-Lagrange
cohomology in each case is nontrivial and it is directly linked with the symplectic struc-
ture preserving law in classical mechanism. As a matter of fact, similar to the existence
of symplectic structure, the symplectic structure preserving law in classical mechanism
holds not only in the solution space of the Euler-Lagrange equation in Lagrangian formal-
ism or the canonical equations in Hamiltonian formalism but also in the function space
associated with the Euler-Lagrange cohomology in general. In section 3, we study the
multisymplectic structure and its preserving property in classical field theory for a set of
generic fields in the Minkowskian spacetime in both Lagrangian In the subsection 3.1, we
first deal with the variation of the action functional as the differentiation with respect to
multi-parameter in the configuration space. We also employ multi-parameter differential
calculus approach to the exterior derivative in the generic function space to introduce the
Euler-Lagrange cohomology in the Lagrangian formalism. We show that the nontriviality
of the cohomology is directly linked with the nontriviality of the canonical 1-forms. We
also prove that the necessary and sufficient condition for the multisymplectic structure
and its preserving property, i.e. the conservation law, is the relevant Euler-Lagrange form
being closed. Then in the subsection 3.2, we transfer to the Hamiltonian formalism by
introducing the canonical conjugate field variables and making Legendre transformation.
We also show that the nontriviality of the Euler-Lagrange cohomology and its relation
with the multisymplectic structure and its conservation law in the Hamiltonian formal-
ism. In the section 4, we apply the cohomological scenario directly to what we call certain
types of Hamiltonian-like ODEs and of Hamiltonian-like PDEs. We show in the subsection
4.1 that the Euler-Lagrange-like cohomological scenario can be applied to certain types
of Hamiltonian-like ODEs no matter whether there exist known associated Lagrangian
and/or Hamiltonian. In the subsection 4.2, we emphasize that the Euler-Lagrange-like
cohomological scenario can also be directly applied to certain types of Hamiltonian-like
PDEs no matter whether there exist known associated Lagrangian and/or Hamiltonian
for the systems. We show that the so-called Hamiltonian PDEs proposed by Bridges
in [4] are just the ones in the type of Hamiltonian-like PDEs. For all these cases, the
symplectic, multisymplectic structure and relevant conservation law not only exist in the
solution space of the relevant equation(s) but also hold in the function space associated
with the relevant cohomological condition. Finally, we end with some remarks in section
5.
2 Euler-Lagrange Cohomology and Symplectic Struc-
ture Preserving in Classical Mechanism
In this section, we recall some well-known content on symplectic structure and its
preserving property in the Lagrangian and Hamiltonian formalism for the classical mech-
anism. The important point is to introduce the Euler-Lagrange cohomology associated
with the Lagrangian functions and the Euler-Lagrange equation in Lagrangian formal-
ism and the one in the Hamiltonian formalism. We explain their important roles in the
symplectic structure and its preserving property in these formalisms.
4
2.1 Euler-Lagrange cohomology and symplectic structure pre-
serving in Lagrangian mechanism
We begin with the Lagrangian mechanism. Let time t ∈ R1 be the base manifold, M
the n-dimensional configuration space on t with coordinates qi(t), (i = 1, · · · , n), TM the
tangent bundle of M with coordinates (qi, q˙j), where q˙j is the derivative of qj with respect
to t, F (TM) the function space on TM .
The Lagrangian of the systems is denoted by L(qi, q˙j). The action functional along a
curve q(t) in M can be constructed by integrating of L along the tangent of the curve
S(q(t)) :=
∫ b
a
L(qi(t), q˙i(t))dt. (1)
Let us consider the case that both qi and q˙j variate by an infinitesimal increments
such that the curve becomes a congruence of curves. Then at each moment of t in the
congruence we can introduce the infinitesimal variations of qi and q˙j as follows
qiǫ(t) = q
i(t) + ǫkδqik(t), q˙
j
ǫ = q˙
j + ǫkδq˙jk, (2)
where ǫk are n free parameters along the k-th direction in the configuration space, δqi
ǫk
(t)
and δq˙j
ǫk
(t) infinitesimal increments of qiǫ(t) and q˙
j
ǫ (t) at the moment t along the k-th
direction in the congruence of curves:
δqiǫk(t) :=
d
dǫk
|ǫk=0 q
i
ǫ(t) = δq
i
k(t), δq˙
j
ǫk
(t) :=
d
dǫk
|ǫk=0 q˙
j
ǫ (t) = δq˙
j
k(t). (3)
While the exterior derivatives of qiǫ(t) and q˙
j
ǫ (t) at the moment t in the congruence of
curves are given by:
dqiǫ :=
∂qiǫ
∂ǫl
dǫl = dǫkδqik, dq˙
j
ǫ :=
∂q˙iǫ
∂ǫl
dǫl = dǫkδq˙ik. (4)
In the congruence of curves, the Lagrangian also becomes a family of Lagrangian and
the same for the action functional:
S(q(t))→ Sǫ((qǫ(t))) =
∫ b
a
Lǫ(q
i
ǫ(t), q˙
i
ǫ(t))dt, (5)
where the upper-index k of ǫk is omitted.
Hamilton’s principle, i.e. the least variational principle, seeks the curve along which
the action S is stationary under variations of qi(t) with fixed endpoints. This can be
manipulated by taking differentiation with respect to ǫk and setting ǫk = 0 afterwards:
δS(q(t)) :=
d
dǫk
|ǫk=0 Sǫ(qǫ(t)) = 0 (6)
for all δqi
ǫk
(t) = δqik(t) with δq
i
k(a) = δq
i
k(b) = 0.
It is simple to get the differentiation of the action with respect to ǫk
dSǫ(qǫ(t)) =
∂
∂ǫk
∫ b
a
(L(qiǫ(t), q˙
i
ǫ(t))dt)dǫ
k =
∫ b
a
dqiǫ{
∂Lǫ
∂qiǫ
−
d
dt
∂Lǫ
∂q˙iǫ
}dt+
∂Lǫ
∂q˙
j
ǫ
dqjǫ |
b
a . (7)
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Therefore, the variation of the action is given by
δSǫ(t) =
∫ b
a
δqiǫk{
∂L
∂qi
−
d
dt
∂L
∂q˙i
}dt+
∂L
∂q˙j
δq
j
ǫk
|ba . (8)
The last term in the above equation vanishes due to δqik(a) = δq
i
k(b) = 0, so that the
stationary requirement for S yields the Euler-Lagrange equations
∂L
∂qi
−
d
dt
∂L
∂q˙i
= 0. (9)
It is obvious but important to see that in the above manipulation the variation of the
action functional, δSǫ, is very closely linked with the differentiation of Sǫ with respect to
the free parameters ǫk in the congruence, i.e. dSǫ. Notice that the integrant in (7) for dSǫ
and the boundary term are 1-forms with respect to dǫk. In addition, the differentiation
with respect to ǫk may be viewed as an exterior derivative so that an exterior derivative
operator d that is nilpotent with respect to ǫk in the congruence may be introduced.
The differentiation in the function space calculated for the action is in fact completely
relied on the derivative of the family of Lagrangian functions
Lǫ := L(q
i
ǫ(t), q˙
i
ǫ(t)), (10)
with respect to ǫk. Therefore, it follows that
dLǫ |ǫk=0= {
∂L
∂qi
−
d
dt
∂L
∂q˙i
}dqiǫ +
d
dt
{
∂L
∂q˙i
dqiǫ}. (11)
Let us from now on denote
dqi := dqiǫ, (12)
and define the Euler-Lagrange 1-form and the canonical 1-form θ on T ∗M ,
E(qi, q˙i) := {
∂L
∂qi
−
d
dt
∂L
∂q˙i
}dqi, (13)
θ =
∂L
∂q˙i
dqi, (14)
we have
dLǫ(q
i
ǫ, q˙
i
ǫ) |ǫk=0= E(q
i, q˙i) +
d
dt
θ. (15)
From the definitions (13), (14) and the equation (15), it is easy to verify the following
important issues.
First, the null Euler-Lagrange 1-form is corresponding to the Euler-Lagrange equation
and the null Euler-Lagrange 1-form is a special case of the coboundary Euler-Lagrange
1-forms
E(qi, q˙j) = dα(qi, q˙j), (16)
where α(qi, q˙j) is an arbitrary smooth function of (qi, q˙j) in F (T ∗M).
Secondly, if the Lagrangian L in (1) changes to L′ by adding certain term
L(qi, q˙j)→ L′(qi, q˙j) = L(qi, q˙j) + V(qi), (17)
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where V(qi) is an arbitrary function of qi, the equation (15) changes to
dL′ǫ(q
i
ǫ, q˙
i
ǫ) |ǫk=0= E
′(qi, q˙i) +
d
dt
θ, (18)
where E ′(qi, q˙i) differes from E(qi, q˙i) by changing L to L′ in the expressions, while θ has
not been changed because V does not depend on q˙i. In fact, the Euler-Lagrange equation
has been changed by adding a potential-like term that does not depend on q˙i. This means
that even if by adding a coboundary term , the Euler-Lagrange equation does change and
canonical form may be still the same as before.
Thirdly, the Euler-Lagrange 1-forms are not coboundary in general since θ is not a
coboundary. Therefore, we arrive at an important theorem for the classical Lagrangian
mechanism [9][10] as follows.
Theorem 2.1
There exists a nontrivial Euler-Lagrange cohomology in the classical Lagrangian mech-
anism:
HCM :={ closed Euler-Lagrange forms}/{ exact Euler-Lagrange forms}.
Furthermore, owing to the nilpotency of d with respect to ǫk in the cotangent space
of the congruence on F (T ∗M),
d2Lǫ(q
i
ǫ, q˙
j
ǫ ) |ǫk=0= 0,
it follows that
dE(qi, q˙i) +
d
dt
ωL = 0, (19)
where ωL is the symplectic structure in the Lagrangian formalism defined by
ωL = dθ =
∂2L
∂q˙i∂qj
dqi ∧ dqj +
∂2L
∂q˙i∂q˙j
dqi ∧ dq˙j . (20)
And it does not change if the canonical 1-form transforms as
θ → θ′ = θ + dβ(qi, q˙i), (21)
where β(qi, q˙i) is an arbitrary function of (qi, q˙i).
It is more important now that another important theorem in the classical Lagrangian
mechanism [9] [10] can straightforwardly be established.
Theorem 2.2:
The symplectic structure ωL exists and its preserving property, i.e. the symplectic
conservation law with respect to t
d
dt
ωL = 0 (22)
holds if and only if the Euler-Lagrange 1-form is closed with respect to d in the function
space F (T ∗M),
dE(qi, q˙j) = 0. (23)
The above closed condition has been named the (closed) Euler-Lagrange condition in
[9][10].
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The importance of the theorem 2.2 is to indicate that the preserving property of
the symplectic structure ωL that always exists in the classical Lagrangian mechanism is
directly related to the Euler-Lagrange cohomology, especially to the closed Euler-Lagrange
condition. On the other hand, the nontriviality of the Euler-Lagrange cohomology is
given by the symplectic structure and its preserving property. It is simple to see from the
cohomological point of view that although the null Euler-Lagrange 1-form, the coboundary
Euler-Lagrange 1-forms satisfy the Euler-Lagrange condition, it does not mean that the
closed Euler-Lagrange 1-forms can always be exact. Namely, as was mentioned above, it
is guaranteed by the nontriviality of the Euler-Lagrange cohomology. This also indicates
that qi(t), (i = 1, · · · , n), in the Euler-Lagrange condition are NOT in the solution space
of the Euler-Lagrange equation only. In fact, they are still in the function space associated
with the Euler-Lagrange condition in general. Therefore, as the theorem 2.2 claimed, the
symplectic structure preserving property, i.e. the symplectic 2-form ωL is conserved, holds
not only in the solution space of the equation but also in the function space in general
with respect to the duration of t if and only if the closed Euler-Lagrange condition is
satisfied.
On the other hand, it is interesting to see that if we introduce a 2-form
Ω(qi, q˙i) = dE(qi, q˙j), (24)
then Ω may be viewed as a U(1)-like curvature 2-form while the Euler-Lagrange 1-form the
U(1)-like connection 1-form. Therefore, the closed Euler-Lagrange condition is nothing
but the flat connection condition. Furthermore, if for some reason that the symplectic
conservation law is broken, the broken pattern may be described by the curvature 2-form
Ω.
Finally, it should be pointed out that the Euler-Lagrange cohomological approach
may directly be started from the Euler-Lagrange equation to define the associated Euler-
Lagrange 1-form and release from the solution space, then by taking exterior derivative
of the Euler-Lagrange 1-form the theorem 2.2 may also be established straightforwardly.
2.2 Euler-Lagrange cohomology and symplectic structure pre-
serving in Hamiltonian formalism
The cohomological concepts, content and theorems in the last subsection for the La-
grangian formalism of the classical mechanics can also be well established in the Hamil-
tonian formalism.
In order to transfer to the Hamiltonian formalism, we introduce a family of conjugate
momenta from the family of Lagrangian Lǫ in (10)
pǫj =
∂Lǫ
∂q˙
j
ǫ
, (25)
and take a Legendre transformation to get the Hamiltonian function in the family
Hǫ := H(q
i
ǫ, pǫj) = pǫkq˙
k
ǫ − L(q
i
ǫ, q˙
j
ǫ ). (26)
Then the exterior derivative of Hǫ may be taken as the one with respect to the set of free
parameters:
dHǫ = (
∂Hǫ
∂pǫi
− q˙iǫ)dpǫi + (
∂Hǫ
∂qiǫ
+ p˙ǫi)dq
i
ǫ + q˙
i
ǫdpǫi − p˙ǫidq
i
ǫ. (27)
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A pair of the families Euler-Lagrange 1-forms now may be introduced as follows:
Eǫ1(q
i
ǫ, pǫj) = (p˙ǫj +
∂Hǫ
∂q
j
ǫ
)dqjǫ , Eǫ2(q
i
ǫ, pǫj) = (
∂Hǫ
∂pǫj
− q˙jǫ )dpǫj. (28)
We may introduce a family of zT
ǫl
= (pT
ǫl
, qTǫL), p
T
ǫl
= (pǫl1, · · · , pǫln), q
T
ǫl
= (q1
ǫl
, · · · , qn
ǫl
)
defined by
zǫl(t) := z(t) + δzǫl(t) = z(t) + ǫ
lδzl(t), (29)
where
δzǫl(t) =
d
dǫl
|ǫl=0 zǫl(t) = δzl(t)
is an infinitesimal variation of z(t) along the direction l in the configuration space. Then
the Euler-Lagrange 1-forms in (28) become
Eǫ(zǫ, z˙ǫ) = dz
T
ǫ (∇zǫHǫ − Jz˙ǫ), (30)
where J is a symplectic matrix.
It is straightforward to verify the following issues in Hamiltonian formalism:
First, the null Euler-Lagrange 1-forms by setting ǫl = 0 give rise to a pair of the
canonical equations as follows
q˙i =
∂H
∂pi
, p˙j = −
∂H
∂qj
. (31)
It is easy to see that the second equation comes from the definition of pj and Legendre
transformation with ǫl = 0 while the first equation is associated with the Euler-Lagrange
equation. In terms of z, we have
z˙ = J−1∇zH. (32)
Secondly, the null forms are the special case of the coboundary Euler-Lagrange 1-forms,
say,
E(z, z˙) = dα(z, z˙), (33)
where α(z, z˙) is an arbitrary function of (z, z˙).
Thirdly, from either the expression of dHǫ or the definitions of the Euler-Lagrange 1-
forms it is easy to see that the Euler-Lagrange 1-forms are not exact in general. Therefore,
the Euler-Lagrange cohomology in the Hamiltonian formalism is also nontrivial as it
should be .
Fourthly, by taking d2Hǫ = 0 and setting ǫ
k = 0 afterwards, it is straightforward to
get
dE(z, z˙) +
d
dt
ωH = 0, (34)
where ωH is the symplectic structure ωL transferred into the Hamiltonian formalism
ωH =
1
2
dzT ∧ Jdz. (35)
Therefore, we have arrived at the following theorem in the Hamiltonian mechanism.
Theorem 2.3
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In the Hamiltonian mechanism the symplectic structure ωH preserving law
d
dt
ωH = 0 (36)
holds if and only if the Euler-Lagrange form is closed:
dE(z, z˙) = 0, i.e. d(E1(q
i, pj) + E2(q
i, pj)) = 0. (37)
Finally, it should be mentioned that as in the Lagrangian formalism the Euler-Lagrange
cohomological scenario in the Hamiltonian formalism may also be performed in two
slightly different processes. Namely, it may either start from the exterior derivative of the
Hamiltonian or begin with the canonical equations. In the second process, the families of
the Euler-Lagrange 1-forms (28) and (30) may be introduced directly from the canonical
equations (31) and (32) respectively. Then by taking the exterior derivative of the families
of the Euler-Lagrange 1-forms and setting the free parameters being vanish it also follows
the theorem 2.3.
3 Euler-Lagrange Cohomology and Multisymplectic
Structure Preserving in Classical Field Theory
We now consider the multisymplectic structure and its preserving property in classical
field theory for a set of generic fields. Most important issue is about the Euler-Lagrange
cohomology and its relation with the multisymplectic structure preserving property. We
first consider the Lagrangian formalism and then transfer to the Hamiltonian formalism.
3.1 Euler-Lagrange cohomology and multisymplectic structure
preserving for classical field theory in Lagrangian formalism
For the sake of simplicity, let X(1,n−1) be an n-dimensional Minkowskian space as base
manifold with coordinates xµ, (µ = 0, · · · , n− 1), M the configuration space on X(1,n−1)
with a set of generic fields ui(x), (i = 1, · · · , s), TM the tangent bundle of M with
coordinates (ui, ujµ), where u
j
µ =
∂ui
∂xµ
, F (TM) the function space on TM etc. We also
assume these fields to be free of constraints.
The Lagrangian of the fields now is a functional of the set of generic fields under
consideration:
L(ui, u˙i) =
∫
dn−1xL(ui(x, t), ujµ(x, t)), u
i(x) = ui(x, t), etc., (38)
and the action is given by
S(ui, uiµ) =
∫
dtL(ui, u˙i) =
∫
dnxL(ui, uiµ), (39)
where L(ui(x, t), uiµ(x, t)) is the Lagrangian density.
In order to apply Hamilton’s principle we first consider how to define the variation of
the action functional S(ui(x), uiµ(x)) in a manner analog to the case of classical mechanics.
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In order to achieve this purpose, let us suppose that both ui(x) and uiµ(x) variate by an
infinitesimal increments such that at a spacetime point of x the infinitesimal variations
of ui and uiµ can be described as follows
uiǫ(x, t) = u
i(x, t) + ǫkδuik(x, t), u
j
µǫ(x, t) = u
j
µ(x, t) + ǫ
kδu
j
µk(x, t), (40)
where ǫk are s free parameters along the k-th direction in the configuration space, and
δuiǫk(x) :=
d
dǫl
|ǫl=0 u
i
ǫ(x) = δu
i
k(x), δu
j
µǫk
(x) :=
d
dǫl
|ǫl=0 u
j
µǫ(x) = δu
j
µk(x), (41)
the infinitesimal increments of ui(x, t) and ujµ(x, t) at the spacetime point x respectively.
Then the exterior derivatives of ui(x, t) and ujµ(x, t) at the spacetime point x may be
defined as:
duiǫ :=
∂uiǫ
∂ǫl
dǫl = dǫkδuik, du
j
µǫ :=
∂uiµǫ
∂ǫl
dǫl = dǫkδuiµk. (42)
It should be noticed that duiǫ and du
i
µǫ can be regarded as 1-forms with respect to dǫ
k.
Now, the Lagrangian becomes a family of Lagrangian functionals
Lǫ(u
i
ǫ, u˙
i
ǫ) =
∫
dn−1xL(uiǫ(x, t), u
i
µǫ(x, t)), (43)
and the action S(ui(x), uiµ(x)) also becomes a family of functionals
Sǫ = S(u
i
ǫ(x), u
i
µǫ(x)). (44)
Then the variation of the action can be defined as its differentiation with respect to ǫl
and setting ǫl = 0 afterwards. Namely,
δS :=
d
dǫl
|ǫl=0 Sǫ. (45)
Manipulating the variation of the action functional in this manner and integrating by
parts, it follows that
δSǫ =
∫
dnx{(
∂Lǫ
∂uiǫ
− ∂µ(
∂Lǫ
∂uiµǫ
))δuiǫ + ∂µ(
∂L
∂uiµǫ
δuiǫ)}. (46)
Assuming δuiǫ |±∞= 0, and requiring δSǫ = 0 according to Hamilton’s principle, then the
Euler-Lagrange equation follows:
∂L
∂ui
− ∂µ(
∂L
∂uiµ
) = 0. (47)
On the other hand, the differentiation of the action functional with respect to the free
parameters ǫl may be given by
dSǫ =
∫
dnx{(
∂Lǫ
∂uiǫ
− ∂µ(
∂Lǫ
∂uiµǫ
))duiǫ + ∂µ(
∂L
∂uiµǫ
duiǫ)}. (48)
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It is important to notice that the integrant in the equation (48) reads:
dLǫ = (
∂Lǫ
∂uiǫ
− ∂µ(
∂Lǫ
∂uiµǫ
))duiǫ + ∂µ(
∂L
∂uiµǫ
duiǫ). (49)
Let us define a family of the Euler-Lagrange 1-forms
Eǫ(u
i
ǫ, u
i
µǫ) := (
∂Lǫ
∂uiǫ
− ∂µ(
∂Lǫ
∂uiµǫ
))duiǫ, (50)
and n families of 1-forms that each family corresponds to a set of canonical 1-forms
θµǫ :=
∂Lǫ
∂uiµǫ
duiǫ. (51)
Then the equation (49) becomes
dLǫ = Eǫ(u
i
ǫ, u
i
µǫ) + ∂µθ
µ
ǫ . (52)
Now, similar to the last section, it is easy to verify the following issues:
First, the null Euler-Lagrange 1-form with ǫl = 0, i.e.
Eǫ(u
i
ǫ, u
i
µǫ) |ǫl=0= 0 (53)
gives rise to the Euler-Lagrange equation.
Secondly, Eǫ(u
i
ǫ, u
i
µǫ) = 0 is a special case of the coboundary Euler-Lagrange 1-forms
Eǫ(u
i
ǫ, u
i
µǫ) = dαǫ(u
i
ǫ, u
i
µǫ), (54)
where αǫ(u
i
ǫ, u
i
µǫ) a family of arbitrary functions of (u
i
ǫ, u
i
µǫ). Although they are cohomo-
logically trivial but it can already be seen that in the Euler-Lagrange 1-forms, (ui, ujµ) are
already NOT in the solution space of the Euler-Lagrange equation only rather they are
in the function space with the closed Euler-Lagrange condition (see below) in general.
Thirdly, if the Lagrangian density L in (43) changes to L′ by adding certain term
L(ui, ujµ)→ L
′(ui, ujµ) = L(u
i, ujµ) + V(u
i), (55)
where V(qi) is an arbitrary function of ui, the equation (49) changes to
dL′ǫ |ǫk=0= E
′(ui, uiµ) +
∂
∂xµ
θµ, (56)
where E ′(ui, uiµ) differs from E(u
i, uiµ) by changing L to L
′ in the expressions, while a set
of n canonical 1-forms θµ have not been changed because V(ui) does not depend on uiµ.
In fact, the Euler-Lagrange equation has been changed by adding a potential-like term
that does not depend on uiµ. This means that even if by adding a coboundary term, the
Euler-Lagrange equation does change and the set of canonical forms may still be the same
as before.
Fourthly, from the equation (56) it is easy to see that Eǫ(u
i
ǫ, u
i
µǫ) in general are not
cohomologically trivial because the families of canonical 1-forms are not trivial. Therefore,
the following theorem can be established [9] [10].
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Theorem 3.1:
There exists a nontrivial Euler-Lagrange cohomology in the classical Lagrangian field
theory for the set of generic fields ui(x):
HCFT :={ closed Euler-Lagrange forms}/{ exact Euler-Lagrange forms}.
Furthermore, due to the nilpotency of d with respect to ǫk, taking the second exterior
derivative of Lǫ(u
i
ǫ, u
i
µǫ) and setting ǫ
k = 0 afterwards
d2Lǫ(u
i
ǫ, u
i
µǫ) |ǫk=0= 0,
it follows that
dE(ui, uiµ) +
∂
∂xµ
ωµ = 0, (57)
where ωµ are n symplectic structures defined by
ωµ = dθµ =
∂2L
∂uiµ∂u
j
duj ∧ dui +
∂2L
∂uiµ∂u
j
ν
dujν ∧ du
i. (58)
And they do not change if the set of n canonical 1-forms transform as
θµ → θµ′ = θµ + dβ(ui, uiµ), (59)
where β(ui, uiµ) is an arbitrary function of (u
i, uiµ).
Then it is now straightforward to get another important theorem in the classical
Lagrangian field theory [9] [10].
Theorem 3.2:
There exists a set of n symplectic structures ωµ and the multisymplectic preserving
property, i.e. the conservation or divergence free law of the multisymplectic structures
∂
∂xµ
ωµ = 0 (60)
holds if and only if the Euler-Lagrange 1-form is closed
dE(ui, ujµ) = 0. (61)
Similar to the finite dimensional case, it is interesting to see that if we introduce a
new 2-form
Ω(ui, uiµ) = dE(u
i, ujµ). (62)
It is easy to see that Ω may be viewed as a U(1)-like curvature 2-form while the Euler-
Lagrange 1-form the U(1)-like connection 1-form. Therefore, the closed Euler-Lagrange
condition is nothing but the flat connection condition. On the other hand, if for some
reason that the multisymplectic conservation law is broken then the broken pattern may
be described by the curvature 2-form Ω.
It is also important to notice that the multisymplectic structure preserving property
is directly linked with the closed Euler-Lagrange condition. And although the null Euler-
Lagrange 1-form, the coboundary Euler-Lagrange 1-forms satisfy the Euler-Lagrange con-
dition, it does not mean that the closed Euler-Lagrange 1-forms can always be exact as
was pointed out above. In addition, ui(x)’s in the Euler-Lagrange condition are NOT
in the solution space of the Euler-Lagrange equation only in general. Therefore, the
multisymplectic structure preserving property, i.e. the conservation law of the set of n
symplectic 2-forms ωµ, holds not only in the solution space of the equation but also in
the function space with the closed Euler-Lagrange condition in general.
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3.2 Euler-Lagrange cohomology and multisymplectic structure
preserving for classical field theory in Hamiltonian formal-
ism
The most concepts, content and theorems in the last subsection for the Lagrangian field
theory of a set of the classical generic fields can also be well established in the Hamiltonian
formalism. In order to apply the Euler-Lagrange cohomological approach to Hamiltonian
formalism for the classical field theory with a set of generic fields, we first have to define
a ”momentum” that is canonically conjugate to the field variables
πj(x) =
∂L
∂u˙j
, (63)
and take a Legendre transformation to get the Hamiltonian density
H(ui, πj) = πk(x)u˙
k(x)− L(ui, u˙j). (64)
The Hamiltonian then is given by
H(t) =
∫
dn−1xH(x), (65)
with the Legendre transformation
H(t) =
∫
dn−1xπk(x)u˙
k(x)− L(t). (66)
From the Legendre transformation, it follows one of a pair field equations in canonical
formalism
u˙k(x) =
∂H
∂πk(x)
, (67)
π˙k(x) = −
∂H
∂uk(x)
+∇a
∂H
∂(∇auk(x))
, a = 1, · · · , n− 1. (68)
The second equation (68) comes from the Euler-Lagrange equation.
Now we may introduce a pair of the Euler-Lagrange 1-forms associated with the pair
of the canonical equations in the Hamiltonian formalism
E1 = dπk{
∂H
∂πk(x)
− u˙k(x)}, E2 = du
k{π˙k(x) +
∂H
∂uk(x)
−∇a
∂H
∂(∇auk(x))
}. (69)
It is straightforward to prove the following formula:
d(E1 + E2) = ∂tω
0 −∇aω
a, (70)
where ω0 and ωa, a = 1, · · · , n− 1, a set of n symplectic 2-forms
ω0 = dπk ∧ du
k, ωa = d(
∂H
∂(∇auk(x))
) ∧ duk. (71)
Now we may establish the following theorem for the multisymplectic structure conser-
vation law in the Hamiltonian formalism for classical field theory with a set of generic
fields.
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Theorem 3.3:
In the Hamiltonian formalism for classical field theory of a set of generic fields ui(x)
on n-dimensional Minkowskian spacetime there exists a set of n symplectic 2-forms ω0
and ωa, a = 1, · · · , n − 1, and the multisymplectic structure preserving law, i.e. their
conservation law,
∂tω
0 −∇aω
a = 0, a = 1, · · · , n− 1, (72)
holds if and only if E1 + E2 is closed. Namely,
d(E1 + E2) = 0. (73)
It should be noticed that here the exterior derivatives of Es, i.e. dEs, have been taken
and it should be understood as the exterior calculus in the generic function space such
that d : Ωk → Ωk+1 with d2 = 0 ( see, for example, [14] ). On the other hand, it may
be more directly regarded as the exterior differentiation in the configuration space in the
sense of last subsection. Namely, introducing a set of free parameters ǫl, l = 1, · · · , s, such
that each variable and functional etc becomes a family of relevant objects with respect
to the free parameters, then the exterior differentiation in the configuration space may
be manipulated as the one with respect to the free parameters ǫl and finally, after all
calculations are completed, setting ǫl = 0.
It should also be pointed out that in the above content of this subsection, the Euler-
Lagrange cohomological approach starts from the canonical equations and the introduc-
tion of the Euler-Lagrange 1-form(s) is associated with the canonical equations, while
the symplectic structure and its conservation law are derived from the exterior derivative
of the Euler-Lagrange 1-forms. The entire scenario seems, at least superficially, to be
nothing related with the exterior derivative of Hamiltonian. However, the scenario may
also begin with the exterior derivative of Hamiltonian that is analog with the case in the
Hamiltonian mechanism. Let us describe this issue in what follows.
In order to more directly take the exterior derivative of Hamiltonian we introduce a
family of Hamiltonian functionals
Hǫ(t) =
∫
dn−1xHǫ(x). (74)
and make the Legendre transformation in the family as well
Hǫ(u
i
ǫ, πǫj) = πǫk(x)u˙
k
ǫ (x)− Lǫ(u
i
ǫ, u˙
j
ǫ). (75)
Then the exterior derivatives of Hamiltonian may be taken as the differentiation of Hǫ(t)
with respect to ǫ as follows
dHǫ(t) =
∫
dn−1xdHǫ(u
i
ǫ, πǫj)
=
∫
dn−1x{
∂Hǫ
∂πǫj
dπǫj +
∂Hǫ
∂uiǫ
duiǫ −∇a(
∂Hǫ
∂(∇auiǫ)
)duiǫ +∇a(
∂Hǫ
∂(∇auiǫ)
duiǫ)}.
Now we introduce a pair of families of the Euler-Lagrange 1-forms
Eǫ1 = dπǫk{
∂Hǫ
∂πǫk(x)
− u˙kǫ (x)}, Eǫ2 = du
k
ǫ{π˙ǫk(x) +
∂Hǫ
∂ukǫ (x)
−∇a
∂Hǫ
∂(∇aukǫ (x))
}, (76)
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and
θ0ǫ =
∂
∂t
ulǫdπǫl −
∂πǫl
∂t
dulǫ, θ
a
ǫ = ∇a(
∂Hǫ
∂(∇aukǫ )
dukǫ ). (77)
Hence dHǫ(t) becomes
dHǫ(t) =
∫
dn−1x{Eǫ1 + Eǫ2 + θ
0
ǫ + θ
a
ǫ }. (78)
Taking the second exterior derivative of H(t), due to the nilpotency of d, it follows that
d(Eǫ1 + Eǫ2) +
∂
∂t
ω0ǫ −∇aω
a
ǫ = 0, (79)
where
ω0ǫ = du
k
ǫ ∧ dπǫk ω
a
ǫ = du
k
ǫ ∧ d(
∂Hǫ
∂(∇aukǫ )
). (80)
By setting ǫl = 0, we re-derive the theorem 3.3.
4 Cohomological Approach to Hamiltonian-like ODEs,
PDEs and Their Symplectic and Multisymplectic
Properties
As was mentioned above, it is worthwhile to notice that in the previous sections there
are some slight differences between two Euler-Lagrange cohomological approaches in both
Lagrangian and Hamiltonian formalism for classical mechanism and classical field theory.
In one of the approaches the cohomological scenario starts from the variation of the
action functional in Lagrangian formalism or the exterior derivative of the Hamiltonian
functional in Hamiltonian formalism so that the exterior derivative of the Lagrangian dL
or that of the Hamiltonian dH in the function space gives rise to the relation between
the Euler-Lagrange form and the divergence of the canonical 1-form(s) that exhibits the
nontriviality of the Euler-Lagrange forms and the cohomology. Then d2L = 0 or d2H = 0
leads to the theorem on that the closed Euler-Lagrange condition is the necessary and
sufficient condition for the symplectic and multisymplectic structure preserving laws in
classical mechanism and field theory respectively.
In another approach, however, the Euler-Lagrange cohomological scenario may di-
rectly begin with the definition of the Euler-Lagrange 1-form(s) associated with the Euler-
Lagrange equation or the canonical equations. The nontriviality of the Euler-Lagrange
cohomology originates from the principal parts of the Euler-Lagrange equation or the
canonical equations that lead to the one(s) in the Euler-Lagrange 1-form(s) that are es-
sentially same as the canonical 1-form(s) in each case. Then the exterior derivatives of
the Euler-Lagrange 1-forms establish the relation between the closed Euler-Lagrange con-
dition and the conservation laws of the symplectic and the multisymplectic structures in
the classical mechanism and field theory respectively.
As a matter of fact, although the essentials of the two approaches are almost the same,
these slight differences however also indicate that for certain types of given ODEs and
PDEs no matter whether the associated Lagrangian and/or Hamiltonian exist or not, the
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cohomological scenario may directly be applied to them by starting with the introduction
of the relevant what will be called the Euler-Lagrange-like 1-forms or symplecticity 1-
forms, and progressing further to see whether there exist what may be called the Euler-
Lagrange-like, or symplectic cohomology, symplectic/multisymplectic structures and their
preserving laws. In other wards, the Euler-Lagrange-like cohomological, or the symplectic
cohomological, scenario may directly be applied to certain types of ODEs and PDEs that
may be named the Hamiltonian-like ODEs and PDEs respectively.
In what follows, we first explore how to apply the cohomological approach to the type
of Hamiltonian-like ODEs in subsection 4.1. Then we deal with the type of Hamiltonian-
like PDEs in subsection 4.2. We show that so-called the type of Hamiltonian PDEs
introduced in [4] is just a case of Hamiltonian-like PDEs. We also show that in each case
there always exist Lagrangian/Hamiltonian-like functional for the Hamiltonian-like ODEs
and PDEs respectively such that the vanishing variational of the action-like functional that
is integral of the relevant Lagrangian-like functional may always lead to the corresponding
Hamiltonian-like ODEs or PDEs.
4.1 Symplectic cohomological approach to Hamiltonian-like ODEs
and their symplectic structure preserving law
In this subsection, we explore this aspect and show that the Euler-Lagrange-like,
or symplectic cohomological approach is available for certain types of Hamiltonian-like
ODEs. We also furnish these ODEs with what is called the Lagrangian-like or the
Hamiltonian-like functional and show that these ODEs may be derived from what may be
called Hamilton-like’s principle for an action-like functional that is given by the integral
of the Lagrangian-like functional.
We first consider a type of ODEs that may be viewed as the variety of a pair of the
canonical equations (31) in classical mechanics as follows
q˙i =
∂H
∂pi
, p˙j = −
∂H
∂qj
, (81)
where H differs with H by an arbitrary smooth enough function of pj , q
i on the phase
space. Then it is straightforward to verify that the same cohomology associated with the
original Hamiltonian system also available to this case.
Let us further consider the following type of ODEs that is a mimic of (32):
Jz˙ = ∇zS(z), (82)
where J a symplectic matrix z(t) the dependent variables no matter whether it is the
canonical variables on the phase space, S(z) an arbitrary smooth enough function of z(t)
no matter whether it is a Hamiltonian.
It is known from the previous sections that the cohomological scenario may be begun
with introducing the Euler-Lagrange-like 1-form associated to the ODEs. In order to
do so, we assume that the solution space of the ODE exists and release all dependent
variables z(t) from the solution space by some infinitesimal variations described by a set
of free parameters. For example, the variables z(t) may be changed to
z(t) → zǫ(t) = z(t) + ǫ
lδzl, (83)
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where δzl is an infinitesimal variation of z along the direction l in the function space, and
so on. Then the exterior derivative of z in the function space may be taken as the one
with respect to the free parameters ǫl as follows
dz := dzǫ =
∂zǫ
∂ǫl
dǫl = dǫlδzl. (84)
In what follows, all exterior derivatives in the function space are taken in this sense. And
for the sake of simplicity, the omission of the ǫl will be taken without mentioning.
Now we are ready to introduce the Euler-Lagrange-like 1-form associated to the ODEs:
E(z, z˙) := dzT{Jz˙ −∇zS(z)}. (85)
It is easy to see that the null Euler-Lagrange-like 1-form gives rise to the type of ODEs
(82) and it is a special case of the coboundary Euler-Lagrange-like 1-forms
E(z, z˙) = dα(z, z˙), (86)
where α(z, z˙) is an arbitrary function of (z, z˙).
By taking the exterior derivative d of the Euler-Lagrange-like 1-form, it is straightfor-
ward to prove that
dE(z, z˙) =
1
2
d
dt
ω, ω = dzT ∧ Jdz. (87)
where ω is formally the same as ωH as it should be if z rely on the phase space. This
means that the following symplectic structure preserving equation
d
dt
ω = 0 (88)
holds if and only if the Euler-Lagrange-like 1-form is closed:
dE(z, z˙) = 0. (89)
It should also be mentioned that the following issues can easily be verified. From
the definition of the Euler-Lagrange-like 1-form (85), it follows the nontriviality of the
Euler-Lagrange-like 1-form in general since the first term in the definition is the mimic of
the canonical 1-form that is obviously not trivial so that a nontrivial Euler-Lagrange-like
cohomology, or the symplectic cohomology, associated with this type of ODEs can be
introduced
HODE:={ closed Euler-Lagrange-like forms}/{ exact Euler-Lagrange-like forms}.
In fact, if the variables z(t) are canonical variables, this type of ODEs (82) is the same
as (81) so that they share the same cohomology with the canonical equation (31) and
(32). As a matter of fact, as was pointed, in this case the Euler-Lagrange-like form (85)
and the Euler-Lagrange form (30) associated with the canonical equation (32) differ by
an exact form.
In addition, similar to all cases in the classical mechanism, the symplectic structure
preserving law holds not only in the solution space of the ODEs but also in the function
space associated with the Euler-Lagrange-like cohomology.
Finally, in the case of z(t) is not the canonical coordinates and momenta, let us consider
how to introduce the action-like functional for this type of ODEs. Regarding the function
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S(z) as a Hamiltonian-like function and introducing a Lagrangian-like functional L(z, z˙)
by
L(z, z˙) =
1
2
zTJz˙ − S(z), (90)
then a action-like functional A(z) may be introduced as follows
A(z) =
∫ b
a
dtL(z, z˙). (91)
The variation of the action-like functional may also manipulated as the differentiation
with respect to the free parameters
δA(t) :=
d
dǫk
Aǫ(t) |ǫk=0=
∫ b
a
dt
d
dǫk
Lǫ(zǫ, z˙ǫ) |ǫk=0 .
On the other hand, it is straightforward to calculate that
dLǫ = dz
T
ǫ (Jdz˙ǫ −∇zǫSǫ(zǫ)) +
1
2
d
dt
(zTǫ Jdzǫ). (92)
Then the Hamilton-like’s principle leads to the original ODE (82) and d2Lǫ |ǫ=0= 0 gives
rise to the following wanted identity:
dE(z, z˙) +
1
2
d
dt
ω = 0, ω = dzT ∧ Jdz. (93)
Furthermore, we even may progress further to some type of ODEs that mimic the
canonical equation(s) in the Hamiltonian mechanism. For example, the equation (82)
may be generalized to the following type of Hamiltonian-like ODEs:
Kf˙(t) = ∇fS(f), (94)
where K is any n×n, n = 2k+1, k ∈ Z+ antisymmetric nonsingular matrix, f(t) an n×1
matrix variables, S(f) an arbitrary smooth enough function of f .
The symplectic cohomological scenario may also begin with by introducing the asso-
ciated Euler-Lagrange-like 1-form
E(f, f˙) := dfT (Kf˙(t)−∇fS(f)). (95)
Taking the exterior derivative of the Euler-Lagrange-like 1-form, it follows for this
type of Hamiltonian-like ODEs that
dE(f, f˙) +
1
2
d
dt
dfT ∧Kdf = 0. (96)
Namely, τ = dfT ∧Kdf is a symplectic structure associated with this type of Hamiltonian-
like ODEs and it is conserved if and only if dE(f, f˙) = 0.
Similarly, the following issues can be verified. First, the null Euler-Lagrange-like 1-
form gives rise to the Hamiltonian-like ODEs (94) and it is a special case of the cobound-
ary Euler-Lagrange-like 1-forms. Secondly, the definition of (95) shows that the Euler-
Lagrange-like 1-form is nontrivial since the first term in it is a mimicry of the canonical
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1-form in the Hamiltonian mechanism so that there is a nontrivial Euler-Lagrange-like
cohomology, or the symplectic cohomology, associated to this type of Hamiltonian-like
ODEs. Thirdly, the symplectic structure preserving equation can be derived here by tak-
ing exterior derivative of the Euler-Lagrange-like 1-form. And it is not dependant on
the solution space of the type of Hamiltonian-like ODEs in general but can be applied
to their solution space. In fact, the symplectic structure preserving equation holds not
only in the solution space of the ODEs but also in the function space relevant to the
Euler-Lagrange-like cohomology as well. Finally, the action-like functional for this type
of ODEs may be found as follows
A(t) =
∫ b
a
dtL(f, f˙), L(f, f˙) =
1
2
fTKf˙ − S(f). (97)
4.2 Symplectic cohomological approach to Hamiltonian-like PDEs
and their multisymplectic structure preserving law
We now consider the application of the cohomological approach to Hamiltonian-like
PDEs and their multisymplectic structure preserving law. It is worthwhile to emphasize
that analog to the case of classical mechanism, for a kind of given PDEs no matter the
associated Lagrangian and/or Hamiltonian are known or not, the cohomological scenario
may directly be applied to themby starting with the introduction of the associated Euler-
Lagrange-like 1-forms and progressing further to see whether the Euler-Lagrange-like co-
homology, multisymplectic structures and their preserving law exist. In other wards, the
Euler-Lagrange-like cohomological scenario may directly be applied to the PDEs. Sim-
ilar to the case of the Hamiltonian-like ODEs, this type of PDEs may be called the
Hamiltonian-like PDEs.
Let us first consider the variety of the Hamiltonian PDEs for field theory as follows:
u˙k(x) =
∂H′
∂πk(x)
, (98)
π˙k(x) = −
∂H′
∂uk(x)
+∇a
∂H′
∂(∇auk(x))
, a = 1, · · · , n− 1, (99)
where H′ differ from H by an arbitrary function of ui, πi:
H′ = H + γ(ui, πi), (100)
where γ(ui, πi) is an arbitrary function of (ui, πi).
Then it is straightforward to verify that the set of PDEs (98) and (99) have the
similar Euler-Lagrange cohomology and share the same multisymplectic conservation law
with the set of canonical equations (67) and (68) for classical field theory in Hamiltonian
formalism.
We now consider the following type of so called the Hamiltonian PDEs introduced
first by Bridges through the hypothesis that adding certain term to canonical equation of
motion (an ODE that is symplectic preserving) in Hamiltonian mechanism [4]. We will
make use of the similar notations in [4] [8] [15]
Mzx1 + ǫKzx2 = ∇zS, ǫ = ±1, (101)
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where M and K are any antisymmetrical matrixes and
zxi =
∂z
∂xi
, i = 1, 2.
Introducing the Euler-Lagrange-like 1-form
E(z, zx1 , zx2) := dz
T{Mzx1 + ǫKzx2 −∇zS}, (102)
it is easy to see that the null Euler-Lagrange-like 1-form gives rise to the type of equations
(101) and it is a special case of the coboundary Euler-Lagrange-like 1-forms
E(z, zx1 , zx2) = dα(z, zx1, zx2), (103)
where α(z, zx1 , zx2) is an arbitrary function of (z, zx1 , zx2).
Now by taking the exterior derivative d of the Euler-Lagrange-like 1-form, it is straight-
forward to prove that
dE(z, zx1 , zx2) +
1
2
∂x1(dz
T ∧Mdz) + ǫ
1
2
∂x2(dz
T ∧Kdz) = 0. (104)
This means that the following multisymplectic structure preserving equation
∂x1ω + ǫ∂x2τ = 0, (105)
where
ω = dzT ∧Mdz, τ = dzT ∧Kdz, (106)
holds if and only if the Euler-Lagrange-like 1-form is closed, i.e.
dE(z, zx1 , zx2) = 0. (107)
It should be mentioned that first from the definition of the Euler-Lagrange-like 1-form
(102), it is not trivial in general since the first two terms in the definition are the canonical
1-forms which are obviously not trivial so that a nontrivial cohomology associated with
this type of Hamiltonian-like PDEs can be introduced
HPDE:={ closed Euler-Lagrange-like forms}/{ exact Euler-Lagrange-like forms}.
Secondly, the multisymplectic structure preserving equation derived here is not de-
pendant on the solution space of the type of Hamiltonian-like PDEs in general but can
be applied to the type of Hamiltonian-like PDEs so that it is held not only in the solution
space of the PDEs but also in the function space relevant to the cohomology as well.
Thirdly, this type of Hamiltonian-like PDEs can directly be generalized to the higher
dimensional space/spacetime cases.
Fourthly, the action-like functional for this type of PDEs may be introduced as follows
A(t) =
∫ b
a
dx2L(z, zx1 , zx2), (108)
where the Lagrangian-like functional is given by
L(z, zx1 , zx2) =
1
2
zT (Mzx1 + ǫKzx2)− S(z). (109)
It is straightforward to prove that the vanishing variation of A(t) leads to the original
PDEs (102).
Finally, it is straightforward to generalize this type of Hamiltonian-like PDEs to higher
dimensional case.
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5 Remarks
A few remarks are in order:
1. The approach presented in the previous paper by Guo, Li and Wu [9], in the
talk [10] and in this paper to the symplectic or multisymplectic geometry for classical
mechanism and classical field theory in the Lagrangian and Hamiltonian formalisms re-
spectively is more or less different from other approaches ( see, for example, [4] [7] ). The
Euler-Lagrange cohomological concepts and relevant content such as the Euler-Lagrange
1-forms, the null Euler-Lagrange 1-forms, the coboundary Euler-Lagrange 1-forms as well
as the (closed) Euler-Lagrange conditions have been introduced and they have played
very crucial roles in each case to show that the symplectic or the multisymplectic struc-
ture and the relevant preserving property hold in the function space with the relevant
Euler-Lagrange condition in general rather than in the solution space of the equation(s)
of motion only. It has been emphasized that the Euler-Lagrange cohomology in each
relevant case is nontrivial and it is very closely related to the symplectic or multisym-
plectic structures as well as the relevant preserving property. As a matter of fact, these
two aspects, i.e. the Euler-Lagrange cohomology vs. the symplectic or multisymplectic
structure preserving, are two sides of the same coin in some sense.
It should pointed out that the content of the Euler-Lagrange cohomology and the role-
played by the cohomology in each case should be further studied not only in classical level
but also in quantum level as well. And needless to say, this cohomological scenario should
also be generalized to the case with more generic base manifolds and configuration spaces
and applied to whatever the least variational principle and the Euler-Lagrange equation
are available, such as the mechanics and field theory with different types of constraints,
different types of field theories and so on so forth.
2. It should be emphasized as was mentioned in the content that the approach with
the Euler-Lagrange cohomological concepts can also be directly applied to certain types
of Hamiltonian-like ODEs and PDEs no matter whether they have known Lagrangian and
/or Hamiltonian associated with. And we have found that if the cohomological approach
works for the Hamiltonian-like ODEs and PDEs, may also be found some artificial action-
like functional, Lagrangian-like functional and Hamiltonian-like functional associated with
them in certain sense that the Hamilton-like’s principle may applied to get the original
ODEs and PDEs. On the other hand, from the symplectic cohomological point of view,
with in the same cohomology class, those ODEs and PDEs may differ by some exact forms
respectively.
This kind of cohomological approach to ODEs and PDEs should also be payed more
attention and to explore further the content and generalization. On the other hand, if
the cohomological approach works for the Hamiltonian-like ODEs and PDEs, it is still
interesting to see whether these ODEs and PDEs may be prolonged in certain manner
to find even artificially some more realistic Lagrangian and/or Hamiltonian functional
associated with them.
3. The difference discrete variational principle, difference discretized version of the
Euler-Lagrange cohomology, symplectic/multisymplectic structure and the relevant pre-
serving property for the classical mechanism and classical field theory mainly in discrete
Lagrangian formalism have also been studied and have been applied to the symplec-
tic algorithm and the multisymplectic algorithm [9] [10] [11] as well as the symplec-
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tic/multisymplectic structure preserving in the finite element method [12] [13]. Some new
results on these issues have been established by the present authors. We will present our
results elsewhere [16].
4. Finally, it should also be emphasized that there exist lots of other problems to be
studied on the Euler-Lagrange cohomology and related topics not only in mathematics
but also in physics. For instance, the relation between the Euler-Lagrange cohomology
and the second variation of the action functional, the relation between the Euler-Lagrange
cohomology and the problems on the existence and stability of the solutions of the Euler-
Lagrange equations, Hamiltonian-like ODEs and PDEs, the relation between the sym-
plectic group or algebraic symmetry cohomology and the Euler-Lagrange cohomology,
the symplectic/multisymplectic structure preserving properties, the physical application
of the Euler-Lagrange cohomology, symplectic and multisymplectic structure conservation
laws and so on so forth.
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